On the automorphism groups of graphs with twice prime valency by Liao, Hong Ci et al.
ar
X
iv
:1
91
0.
04
93
1v
1 
 [m
ath
.C
O]
  1
1 O
ct 
20
19
ON THE AUTOMORPHISM GROUPS
OF GRAPHS WITH TWICE PRIME VALENCY
HONG CI LIAO, JING JIAN LI, AND ZAI PING LU
Abstract. A graph is edge-transitive if its automorphism group acts transitively on
the edge set. In this paper, we investigate the automorphism groups of edge-transitive
graphs of odd order and twice prime valency. Let Γ be a connected graph of odd order
and twice prime valency, and let G be a subgroup of the automorphism group of Γ . In
the case where G acts transitively on the edges and quasiprimitively on the vertices of
Γ , we prove that either G is almost simple or G is a primitive group of affine type. If
further G is an almost simple primitive group then, with two exceptions, the socle of
G acts transitively on the edges of Γ .
Keywords. Edge-transitive graph, arc-transitive graph, 2-arc-transitive graph, quasiprim-
itive group, almost simple group.
1. introduction
In this paper, all graphs are assumed to be finite and simple. In particular, a graph is
a pair Γ = (V,E) of a nonempty set V and a set E of 2-subsets of V , which are called
the vertex set and edge set of Γ , respectively. Each edge {α, β} ∈ E gives two ordered
pairs (α, β) and (β, α), every of them is called an arc of Γ . A triple (α, β, γ) of vertices
is a 2-arc if α 6= γ and both (α, β) and (β, γ) are arcs.
Assume that Γ = (V,E) is a graph. An automorphism g of Γ is a permutation (i.e., a
bijection) on V such that {αg, βg} ∈ E for all {α, β} ∈ E. Denote by AutΓ the set of all
automorphisms of Γ . Then AutΓ is a (finite) group under the product of permutations,
which acts naturally on the edge set, arc set and 2-arc set of Γ by
{α, β}g = {αg, βg}, (α, β)g = (αg, βg), (α, β, γ)g = (αg, βg, γg),
respectively. For a subgroup G ≤ AutΓ , the graph Γ is said to be G-vertex-transitive,
G-edge-transitive, G-arc-transitive and (G, 2)-arc-transitive if G acts transitively on the
vertex set, edge set, arc set and 2-arc set of Γ , respectively.
Let Γ = (V,E) be a connected graph, and G ≤ AutΓ . Suppose that G acts quasiprim-
itively on V , that is, every minimal normal subgroup of G has a unique orbit on V . Fol-
lowing the subdivision in [19], the group G is one of eight types of quasiprimitive groups.
Conversely, using the ‘coset graph’ construction (see [21]), one can obtain graphs from
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each type of quasiprimitive groups. Nevertheless, it is believed that the group G is
quite restrictive if further the graph Γ is assumed with certain symmetric properties,
or some restrictions on the order or valency. For example, if Γ is (G, 2)-arc-transitive
then Praeger [18] proved that only four of those 8 types occur for G. If Γ has odd order
and Γ is (G, 2)-arc-transitive, then G is an almost simple group by [11]. In this paper,
replacing the ‘2-arc-transitivity’ by ‘edge-transitivity’ and a restriction on the valency
of graph, we investigate the pair of Γ and G.
Let Γ = (V,E) be a connected graph of twice valency, and G ≤ AutΓ . In [20], Praeger
and Xu give a nice characterization for the graph Γ while it is G-arc-transitive and G
contains an irregular abelian (and so, intransitive) normal subgroup. In Section 3 of this
paper, we focus on the case where Γ is G-edge-transitive and G contains a transitive
normal subgroup. In particular, letting soc(G) be the socle of G, the following result is
proved.
Theorem 1.1. Let Γ = (V,E) be a connected graph of odd order and valency 2r for
some prime r, and let G ≤ AutΓ. Assume that Γ is G-edge-transitive but not (G, 2)-arc-
transitive. If G is quasiprimitive on V then either G is almost simple, or soc(G) = Zkp
for some odd prime p and integer 1 ≤ k ≤ r.
Remark 1.2. Li and the last two authors of this paper have been working on the project
classifying all graphs of odd order which admit an almost simple group X acting 2-arc-
transitively. By their classification, such a graph Γ = (V,E) is not of twice prime
valency unless one of the following holds: (1) Γ is a complete graph, (2) Γ is the odd
graph of valency 4, (3) soc(X) = PSL(2, q) and Γ is of valency 4 or 6. In view this, if
X has a primitive subgroup acting transitively on E then we may easily prove that Γ is
a complete graph, see also the following result.
A graph Γ is called 2-arc-transitive if it is (AutΓ , 2)-arc-transitive. The following
result is a consequence of Theorem 1.1, which is proved in Section 4.
Theorem 1.3. Let Γ = (V,E) be a connected graph of odd order and twice prime
valency, and let G ≤ AutΓ. Assume that Γ is G-edge-transitive but not (G, 2)-arc-
transitive. If G is primitive on V then either Γ is a complete graph, or soc(AutΓ ) =
soc(G); in particular, Γ is 2-arc-transitive if and only if Γ is a complete graph.
For a pair (G,Γ ) in Theorem 1.1 or 1.3, the action of soc(G) on the edge set of Γ is
considered in Section 5. We present several examples and prove the following result.
Theorem 1.4. Let Γ = (V,E) be a connected graph of odd order and twice prime
valency, and let G ≤ AutΓ. Assume that Γ is G-edge-transitive but not (G, 2)-arc-
transitive. If G is almost simple and primitive on V then either Γ is soc(G)-edge-
transitive, or Γ is of valency 4 and isomorphic one of the graphs in Example 5.2.
2. Preliminaries
For convenience, a graph Γ = (V,E) is sometimes viewed as the digraph on V with
directed edges the arcs of Γ , and a subset ∆ of the arc set of Γ is sometimes viewed as
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a digraph on V . Then, with such a convenience, a digraph ∆ is a graph if and only if
∆ = ∆∗ := {(α, β) | (β, α) ∈ ∆}. In this section, we make the following assumption:
Γ = (V,E) is a connected regular graph, G ≤ AutΓ, N 6= 1 is a normal subgroup
of G, and ∆ is the union of some G-orbits on the arc set of Γ .
Let α ∈ V . Set ∆(α) = {β ∈ V | (α, β) ∈ ∆} and Nα = {g ∈ N | α
g = α}, called
respectively the (out-)neighborhood of α in (the digraph) ∆ and the stabilizer of α in N .
Then Nα induces a permutation group N
∆(α)
α . Denote by N
[1]
α the kernel of Nα acting
on ∆(α). Then
(II.1) N∆(α)α
∼= Nα/N
[1]
α , Nαg = N
g
α, N
[1]
αg = (N
[1]
α )
g, ∀g ∈ G.
For U ⊆ V , set N(U) = ∩β∈UNβ and NU = {x ∈ N | U
x = U}, called respectively the
point-wise stabilizer and set-wise stabilizer of U in N . Then
(II.2) N(Ug) = N
g
(U), NUg = N
g
U , ∀g ∈ G.
If U = {α1, . . . , αk} then we write N(U) = Nα1α2...αk .
For a finite group X , denote by pi(X) the set of prime divisors of |X|. The following
lemma says that pi(Nα) = pi(N
∆(α)
α ) if G is transitive on V , see also [3, Lemma 1.1] for
the case where ∆ is the arc set of Γ .
Lemma 2.1. Assume that ∆ is connected and G is transitive on V . Then pi(Nα) =
pi(N
∆(α)
α ) and |∆(α)| ≥ max pi(Nα), where β ∈ ∆(α). If further ∆ = ∆
∗ then |∆(α)| >
max pi(Nαβ).
Proof. Let p be an arbitrary prime. Suppose that p is a not divisor of |N∆(α)α |. Then
P ≤ N
[1]
α , where P is an arbitrary Sylow p-subgroup of Nα. In particular, P ≤ Nβ
for β ∈ ∆(α). Take g ∈ G with αg = β. We have Γ (β) = Γ (α)g, Nβ = N
g
α and
N
[1]
β = (N
[1]
α )g. It follows that P is also a Sylow p-subgroup of Nβ, and P ≤ N
[1]
β .
Let γ ∈ V \ {α, β}. By [16, Lemma 2], there are β = β0, β1, . . . βt = γ such that
(βi−1, βi) ∈ ∆ for 1 ≤ i ≤ t. By the argument in the previous paragraph and induction
on i, we conclude that P ≤ N
[1]
γ . It follows that P ≤ N(V ) = 1, that is, p 6∈ pi(Nα). Then
we have pi(Nα) = pi(N
∆(α)
α ).
Let q be a prime with q > |∆(α)|, and let Q be a Sylow q-subgroup of Nα. Then Q
Q acts trivially on ∆(α). Since |∆(β)| = |∆(α)| < q, we conclude that Q acts trivially
on ∆(β). For γ ∈ V \ {α, β}, choose β = β0, β1, . . . βt = γ such that (βi−1, βi) ∈ ∆ for
1 ≤ i ≤ t. Noting that |∆(βi)| = |∆(α)| for each i, by induction on i, we have Q ≤ Nγ .
Thus Q ≤ N(V ) = 1, and so q 6∈ pi(Nα). Then |∆(α)| ≥ max pi(Nα).
Finally, by [3, Lemma 1.1], if ∆ = ∆∗ then |∆(α)| > max pi(Gαβ) ≥ max pi(Nαβ).
Thus the lemma follows. 
Lemma 2.2. Assume that G is transitive on V and ∆ is a G-orbit. Suppose that ∆ is
connected. Then pi(N
∆(β)
αβ ) = pi(Nαβ), where β ∈ ∆(α).
Proof. Let p be a prime with p 6∈ pi(N
∆(β)
αβ ). Then P ≤ N
[1]
β , where P is an arbitrary
Sylow p-subgroup of Nαβ . In particular, P ≤ Nβδ for δ ∈ ∆(β). Choose g ∈ G with
(α, β)g = (β, δ). Then Nβδ = N
g
αβ , ∆(δ) = ∆(β)
g and N
[1]
δ = (N
[1]
β )
g, which yields
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that P is a Sylow p-subgroup of Nβδ, and P ≤ N
[1]
δ . For γ ∈ V \ {α, β}, choose
β = β0, β1, . . . βt = γ such that (βi−1, βi) ∈ ∆ for 1 ≤ i ≤ t. By induction on i, we may
prove P ≤ N
[1]
γ . It implies that P = 1, so p 6∈ pi(Nαβ). Then the lemma follows. 
Suppose that N is intransitive on V . Let B be the set of N -orbits on V . Define a
digraph ∆N on B such that (B,C) is an arc if and only of B 6= C and (δ, γ) ∈ ∆ for
some δ ∈ B and some γ ∈ C. For the case where ∆ is the arc set of Γ , we also write
∆N as ΓN . Let B ∈ B and α ∈ B. Then
(II.3) ∆(α) = (B ∩∆(α)) ∪ (∪C∈∆N (B)(C ∩∆(α)), |∆(α)| ≥ |B ∩∆(α)|+ |∆N(B)|.
The following lemma is easily shown.
Lemma 2.3. Assume that ∆ is connected and a G-orbit. If N is intransitive on V ,
then |∆(α)| = |∆N(B)||C ∩∆(α)| for each given C ∈ ∆N(B); in this case, G induced a
group acting transitively on the arcs of ∆N .
Lemma 2.4. Assume that G is transitive on V , N intransitive on V and ∆ is connected.
If |∆(α)| = |∆N(B)| for some N-orbit B and α ∈ B, then N is semiregular on V , that
is, Nα = 1.
Proof. Assume that |∆(α)| = |∆N(B)|. Then ∆(α) ∩ B = ∅, and |∆(α) ∩ C| = 1 for
every C ∈ ∆N(B). It follows that Nα fixes ∆(α) point-wise, so N
∆(α)
α = 1. Then Nα = 1
by Lemma 2.1. 
Suppose that Γ = (V,E) is connected and G-arc-transitive. For an edge {α, β} ∈ E,
take x ∈ G with (α, β)x = (β, α). Then x ∈ NG(Gαβ) and, since Γ is connected,
G = 〈x,Gα〉. Further, such an x may be chosen as a 2-element in NG(Gαβ). Thus
following lemma holds.
Lemma 2.5. If Γ = (V,E) is connected and G-arc-transitive. Then, for {α, β} ∈ E,
there is a 2-element x in NG(Gαβ) with x
2 ∈ Gαβ and G = 〈x,Gα〉.
Suppose that G has regular subgroup R. Then, fixing a vertex α, we have a bijection
θ : V → R, αx 7→ x.
Set S = {x ∈ R | αx ∈ ∆(α)}. Then θ gives an isomorphism from ∆ to the Cayley
digraph Cay(R, S), which is defined onR such (x, y) is an arc if and only if yx−1 ∈ S. Un-
der the isomorphism θ, the group NAut∆(R) corresponds to the normalizer Rˆ:Aut(R, S)
of Rˆ in AutCay(R, S), where Rˆ is the image of the action of R by right multiplication
on R, and
Aut(R, S) = {σ ∈ Aut(R) | Sσ = S}.
Clearly, S does not contains the identify element of R, and ∆ (or Cay(R, S)) is a graph if
and only if S = S−1 := {x−1 | x ∈ S}. The following lemma collects several well-known
facts on Cayley digraphs.
Lemma 2.6. (1) ∆ is isomorphic a Cayley digraph Cay(R, S) if and only if Aut∆
has a regular subgroup isomorphic to R.
(2) A Cayley digraph Cay(R, S) is connected if and only if 〈S〉 = R, and Cay(R, S)
is a graph if and only if S = S−1.
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(3) NAutCay(R,S)(Rˆ) = Rˆ:Aut(R, S), and if 〈S〉 = R then Aut(R, S) acts faithfully on
S.
3. Proof of Theorem 1.1
In this section, we assume that Γ = (V,E) is a connected graph of valency 2r for some
prime r, and G ≤ AutΓ such that G is transitive on both V and E but not transitive
on the 2-arc set of Γ .
Lemma 3.1. Suppose that Γ is G-arc-transitive. Let N 6= 1 be a normal subgroup of G.
Then either N is transitive on V or G induces an arc-transitive group on ΓN . Moreover,
one of the following holds.
(1) N is semiregular on V .
(2) Nα is a nontrivial 2-group, and either ΓN has valency r or N has at most 2 orbits
on V .
(3) r = max pi(Nα) is odd, and
(i) ΓN is a cycle and G induces the full automorphism group of this cycle; or
(ii) Γ is bipartite with two parts N-orbits; or
(iii) N is transitive on both V and E; or
(iv) E has a partition E = E1 ∪ E2 such that (E1, E2)
g = (E2, E1) for some
g ∈ G \N , and (V,Ei) are N-arc-transitive graphs of valency r.
Proof. The first part of this lemma follows from Lemma 2.3. We next show that one
of (1)-(3) occurs. By Lemma 2.1, pi(Nα) = pi(N
Γ (α)
α ). If N
Γ (α)
α = 1 then Nα = 1, and
hence N is semiregular, so (1) follows. In the following, we let N
Γ (α)
α 6= 1.
Since N
Γ (α)
α is normal in G
Γ (α)
α , all N
Γ (α)
α -orbits on Γ (α) have the same length say l.
Then l = 2, r or 2r. If l = 2 then N
Γ (α)
α is a 2-group, and so does Nα; if r = 2 and
l = 2r = 4 then, since Γ is not (G, 2)-arc-transitive, N
Γ (α)
α ≤ G
Γ (α)
α ≤ D8, so Nα is a
2-group. These two case give (2) by Lemma 2.3. Thus, we next let l > 2 and r be odd.
Assume first that G
Γ (α)
α is primitive. Then N
Γ (α)
α is a transitive normal subgroup of
G
Γ (α)
α . It follows that N is transitive on E and has at most two orbits on V . Since
G
Γ (α)
α is not 2-transitive, by [7, Theorem 1.51], r = 5 and G
Γ (α)
α
∼= A5 or S5. Then
r = 5 = max pi(Nα), and so (ii) or (iii) holds.
Now assume that G
Γ (α)
α is imprimitive. Then G
Γ (α)
α ≤ S2 ≀ Sr or Sr ≀ S2, yielding
r = max pi(Gα). Recalling that l = 2r or r, we have r = max pi(Nα). If l = 2r then
N
Γ (α)
α is transitive on Γ (α), which yields that N is transitive on E, and so (ii) or (iii)
holds.
Let l = r. If N has at three orbits on V then (i) follows from Lemma 2.3. If N
has exactly two orbits on V then Γ is bipartite, and (ii) occurs. Suppose that N is
transitive on V . Then N has exactly two orbits on the arc set of Γ , say ∆1 and ∆2, and
either ∆2 = ∆
∗
1 6= ∆1 or ∆i = ∆
∗
i for each i. These two cases yield parts (iii) and (iv),
respectively. 
Corollary 3.2. Suppose that Γ is G-arc-transitive. Let N be a transitive normal sub-
group of G. Then one of the following holds.
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(1) Either Nα is a 2-group, or N is transitive on E;
(2) E has a partition E = E1∪E2 such that (E1, E2)
g = (E2, E1) for some g ∈ G\N ,
and (V,Ei) are N-arc-transitive graphs of valency r.
Lemma 3.3. Suppose that G is intransitive on the arc set of Γ . Let N 6= 1 be a normal
subgroup of G. Then one of the following holds.
(1) N is semiregular on V .
(2) r = max pi(Nα) for α ∈ V , and either
(i) N is transitive on both V and E; or
(ii) G/K ∼= Zl, where l ≥ 2 is the number of N-orbits on V , and K is the kernel
of G acting on the set of N-orbits.
Proof. Let ∆ be a G-orbit on the arc set of Γ . Then |∆(α)| = r, and so r =
max pi(G
∆(α)
α ) = max pi(Gα) by Lemma 2.1. Since N
∆(α)
α is normal subgroup of G
∆(α)
α
and G
∆(α)
α is transitive, all N
∆(α)
α -orbits (on ∆(α)) have the same length. Then either
N
∆(α)
α = 1, or N
∆(α)
α is transitive on ∆(α). By Lemma 2.1, the former case yields Nα = 1,
and so N is semiregular.
Assume that N
∆(α)
α is transitive on ∆(α). Then r = max pi(Nα). If N is transitive
on V then N is transitive on both V and E, and so part (i) occurs. Suppose that N is
intransitive on V . By Lemma 2.3, ∆N is a directed cycle, and G induces an arc-transitive
group on this directed cycle. (Note that ∆N has length 2 if N has two orbits on V .)
Then part (ii) follows. 
Corollary 3.4. Suppose that G is intransitive on the arc set of Γ . Let N be a transitive
normal subgroup of G. Then either N is regular on V , or r = max pi(Nα) and N is
transitive on both V and E.
Recall that every minimal normal subgroup of a quasiprimtive group is transitive.
Then the following result finishes the proof of Theorem 1.1.
Theorem 3.5. Let N be a minimal normal subgroup of G. Suppose that |V | is odd and
N is transitive on V . Then N is the unique transitive minimal normal subgroup of G,
and one of the following holds.
(1) N ∼= Zkp for some odd prime p and positive integer k ≤ r, and Gα is isomorphic
to a subgroup of S2 ≀ Sr; if further G is intransitive on the arc set of Γ , then
k < r, and Gα is isomorphic to a subgroup of Sr.
(2) N is nonabelian simple.
Proof. Write N = T1 × · · · × Tk, where Ti are isomorphic simple groups. Let M be a
transitive minimal normal subgroup of G. Suppose thatM∩N = 1. ThenM centralizes
N . By [5, Theorem 4.2A], both M and N are regular on V , and so N is abelain as |V |
is odd. Then we have M = N , yielding M = N = 1, a contradiction. Thus M ∩N 6= 1,
and so M = N . Thus N is the unique transitive minimal normal subgroup of G.
Case 1. Assume that N is soluble. Then N ∼= Zkp for a prime p and some integer
k ≥ 1. In particular, N is abelian, and so N is regular on V , and p is odd. By Lemma
2.6, writing Γ = Cay(N, S), we have that Gα ≤ Aut(N, S) which acts faithfully on S,
where α is the vertex of Γ corresponding to the identity of N . Since p is odd and Γ is
connected, N is generated by a half number of the elements in S, and thus k ≤ r.
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Note that {{x, x−1} | x ∈ S} is a Gα-invariant partition of S. It follows that Gα is
isomorphic to a subgroup of S2 ≀ Sr. Suppose that Γ is not G-arc-transitive. Then Gα
has two orbits on S, say {x1, . . . , xr} and {x
−1
1 , . . . , x
−1
r }, see also [14, Lemma 3.2]. This
yields that Gα is isomorphic to a subgroup of Sr. Consider the element x =
∏r
i=1 xr
of N . It is easily shown that Gα centralizes x. Then 〈x〉 is a normal subgroup of G.
Since x ∈ N , by the minimum of N , we have either k = 1 or x = 1. If x = 1 then
N = 〈x1, . . . , xr−1〉, and thus k < r. Thus part (1) follows.
Case 2. Assume that Ti are isomorphic nonabelian simple groups. Since |V | = |N :
Nα| is odd, Nα contains a Sylow 2-subgroup of N , where α ∈ V . Of course, Nα 6= 1.
Since Ti is normal in N and N is transitive on V , all Ti-orbits on V have equal length,
which is a divisor of |V |. Thus (Ti)α contains a Sylow 2-subgroup of Ti.
Suppose that k > 1. Then T1 is intransitive on V ; otherwise, T2 is semiregular or acts
trivially on V , a contradiction. Assume that N is transitive on E. Since |V | is odd, by
Lemmas 3.1 and 3.3, the quotient ΓT1 is a cycle of odd length. Thus N/K is soluble,
where K is the kernel of N acting on the set of T1-orbits. Then N = K, so N fixes every
T1-orbits, a contradiction. Therefore, by Corollaries 3.2 and 3.4, Nα is a 2-group and Γ
is G-arc-transitive.
Let r = 2. Then Γ has valency 4. Again consider the quotient ΓT1. By (II.3), ΓT1 has
valency no more than 4. On the other hand, ΓT1 is a regular graph of odd order, either
ΓT1 is a cycle or ΓT1 has valency 4. Noting that (T1)α 6= 1, by Lemma 2.4, ΓT1 is a cycle
of odd length. This leads to a similar contradiction as in the previous paragraph.
Assume that r is odd. Note that Nα is a Sylow 2-subgroup of N and (Ti)α is a Sylow
2-subgroup of Ti; in particular,
Nα = (T1)α × · · · × (Tk)α.
Since Γ is G-arc-transitive and Nα is a nontrivial 2-group, all Nα-orbits on Γ (α) have
equal length 2. Take a subgroup H of Gα of order r. Then N ∩ H = 1, and H acts
transitively on the set of Nα-orbits on Γ (α). Set X = N :H . Then Γ is X-arc-transitive,
and Xα = Nα:H .
Let M = 〈T h1 | h ∈ H〉. Then M is a normal subgroup of X , M ≤ N and Mα is
a nontrivial 2-group. If M 6= N then M is intransitive on V and, by Lemmas 3.1, the
quotient ΓM is a cycle, which is impossible. Thus M = N . Noting that H has prime
order r, H acts regularly on {T1, . . . , Tk} by conjugation; in particular, k = r. For
h ∈ H , setting T hi = Tj , we have
(Ti)
h
α = (Ti ∩Nα)
h = Tj ∩Nα = (Tj)α.
It follows that H acts regularly on {(T1)α, . . . , (Tk)α} by conjugation.
Let β ∈ Γ (α). Then 2r = |Xα : Xαβ |, and thus Xαβ is a 2-group. Since Xα has a
unique Sylow 2-subgroup, Xαβ lies in Nα, and so Xαβ = Nαβ and |Nα : Nαβ | = 2. Since
Γ is connected, by lemma 2.5, there is a 2-element x ∈ NX(Nαβ) with
〈x,Xα〉 = X, x
2 ∈ Nαβ .
Note that |N〈x〉| = |N ||〈x〉 : (N ∩ 〈x〉)| and |X| = |N ||H|. We know that |〈x〉 : (N ∩
〈x〉)| is a divisor of |H| = r. It follows that |〈x〉 : (N ∩ 〈x〉)| = 1, and so x ∈ N . Write
x = x1x2 · · ·xk with xi ∈ Ti for all i. Then
(III.1) X = 〈x,Xα〉 ≤ 〈xi, (Ti)α, H | 1 ≤ i ≤ k〉.
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Consider the projections
φi : N = T1 × · · · × Tk →, t1t2 · · · tk 7→ ti.
Setting Li = φi(Nαβ) for 1 ≤ i ≤ r, we have xi ∈ NTi(Li), x
2
i ∈ Li and Nαβ ≤ L1×· · ·Lk.
Since Nαβ ≤ Nα = (T1)α× · · · × (Tk)α, we have Li ≤ (Ti)α for 1 ≤ i ≤ k. Recalling that
|Nα : Nαβ | = 2, we have that Li = (Ti)α for all but at most one of i. Without loss of
generality, we let Li = (Ti)α for i > 1, and |(T1)α : L1| ≤ 2.
Since (Ti)α is a Sylow 2-subgroup of Ti and xi is a 2-element, if i > 1 then xi ∈
Li = (Ti)α as (Ti)α is the unique Sylow 2-subgroup of NTi(Li). Recalling that H acts
regularly on {(T1)α, . . . , (Tk)α} by conjugation, by (III.1), we have
X = 〈x,Xα〉 ≤ 〈x1, (T1)α, H〉.
Set H = {1, h2, . . . , hk}. (Note that k = r.) Then
N :H = X = (〈x1, (T1)α〉 × 〈x1, (T1)α〉
h2 × · · · × 〈x1, (T1)α〉
hk):H.
This implies that T1 = 〈x1, (T1)α〉.
Recall that |(T1)α : L1| ≤ 2. Then L1 is normal in (T1)α. Noting that x1 ∈ NT1(L1),
it follows that L1 is normal in 〈x1, (T1)α〉 = T1, and hence L1 = 1 as T1 is nonabelian
simple and L1 is a 2-group. Then |(T1)α| ≤ 2, which is impossible as (T1)α is a Sylow
2-subgroup of T1. This completes the proof. 
We end this section by a consequence from Theorem 3.5.
Corollary 3.6. Assume that |V | = pk for some odd prime p. If G is quasiprimitive on
V then Γ is arc-transitive, and one of the following holds.
(1) p = 3, k is an odd prime and Γ is the complete graph K3k .
(2) G ∼= PSU4(2) or PSU4(2).2, and Γ has order 27 and valency 10.
(3) soc(G) ∼= Zkp and k ≤ r.
Proof. Let N = soc(G). By Theorem 3.5, either N is nonabelian simple, or N ∼= Zkp
with k ≤ r.
Assume that N is nonabelian simple. Note that |N : Nα| = p
k for α ∈ V . By [6],
either N is 2-transitive on V , or N ∼= PSU4(2) and Nα has exactly three orbits on V
with length 1, 10 and 16 respectively. For these two cases, Γ is N -arc-transitive, and
the former case yields (1) while the latter case gives (2).
Now let N ∼= Zkp . Then we may write Γ = Cay(N, S), and Gα is faithful on S, where
α is the vertex corresponding to the identity of N . Note that {x, x−1}h = {xh, (xh)−1}
for x ∈ S and h ∈ Gα. Then Gα induces a transitive action on {{x, x
−1} | x ∈ S}. Let
σ : N → N, y 7→ y−1. Then σ is an automorphism of Γ which fixes α. Thus 〈Gα, σ〉 is
transitive on S, and then Γ is 〈G, σ〉-arc-transitive. 
4. Proof of Theorem 1.3
Let Γ = (V,E) be a connected graph of odd order and valency 2r for some prime r.
Let G ≤ AutΓ be such that G is primitive on V , transitive on E but not transitive on
the 2-arc set of Γ .
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Since G is a primitive group of odd degree, G is known by [15]. Thus, in this section,
we give some further information about the graph Γ or its automorphism group. If Γ
is a complete graph, then G is 2-homogeneous on V , and the following result holds.
Lemma 4.1. Assume that Γ is the complete graph K2r+1 of valency 2r. Then
(1) G ≤ AΓL1(p
d), r = p
d−1
2
, and either d = 1 or p = 3 and d is an odd prime; or
(2) ASLd(3) ≤ G ≤ AGLd(3), and d is an odd prime; or
(3) G = PSL2(11), A7 or PSLd(2), and r = 5, 7 or 2
d−1 − 1 respectively.
Proof. Note that G is 2-homogeneous on V . Since Γ is not (G, 2)-arc-transitive, G is
not 3-transitive on V .
Suppose that G is an affine primitive group. Let G ≤ AGLd(p). Since p
d = |V | =
2r+1, either d = 1 or p = 3 and d is an odd prime. If G 6. AΓL1(p
d) then, by [10], G is
2-transitive, and then G ≥ ASLd(p) by checking [2, Table 7.3]. Thus (1) or (2) occurs.
Suppose thatG is almost simple. Then G is 2-transitive but not 3-transitive. Checking
[2, Table 7.4], we get (3). 
Lemma 4.2. Let G ≤ X ≤ AutΓ and α ∈ V . Suppose that Γ is (X, 2)-arc-transitive.
Then one of the following holds.
(1) X
Γ (α)
α = A4 or S4, and r = 2;
(2) soc(X
Γ (α)
α ) = A2r, r ≥ 3;
(3) soc(X
Γ (α)
α ) = PSL(2, q), and q = 5 or q = 2r − 1 ≥ 9;
(4) soc(X
Γ (α)
α ) = M22, and r = 11.
Proof. Since X
Γ (α)
α is a 2-transitive group of degree 2r, the lemma follows from checking
the finite 2-transitive groups, refer to [2, Tables 7.3 and 7.4]. 
Lemma 4.3. Let G ≤ X ≤ AutΓ and α ∈ V . Suppose that Xα is insoluble and Γ is
not (X, 2)-arc-transitive. Then Xα has a composition factor isomorphic to one of the
following simple groups.
(1) PSL(2, 11), and r = 11;
(2) M11 or M23, and r = 11 or 23, respectively;
(3) PSL(d, q), and r = q
d−1
q−1
, where q is prime power and d is a prime;
(4) Ar for r ≥ 5.
Proof. Let ∆(α) be an Xα-orbit on Γ (α). Then |∆(α)| ∈ {r, 2r}, and X
∆(α)
α is insoluble,
refer to [5, Theorem 3.2C]. If |∆(α)| = r then X
∆(α)
α is a 2-transitive group of prime
degree, and the lemma follows from checking the finite 2-transitive groups.
Assume that ∆(α) = Γ (α). If X
Γ (α)
α is primitive then, by [7, Theorem 1.51], r = 5 and
X
Γ (α)
α = A5 or S5, and thus the lemma follows. Suppose next that X
Γ (α)
α is imprimitive.
Then X
Γ (α)
α ≤ S2 ≀ Sr or Sr ≀ S2.
Let X
Γ (α)
α ≤ S2 ≀ Sr. Let O be the largest normal 2-subgroup of the wreath product
S2 ≀Sr. Then Sr ∼= S2 ≀Sr/O ≥ X
Γ (α)
α O/O ∼= X
Γ (α)
α /(X
Γ (α)
α ∩O). Since X
Γ (α)
α is insoluble,
X
Γ (α)
α /(X
Γ (α)
α ∩ O) is isomorphic to a 2-transitive subgroup of Sr, and then the lemma
follows.
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Line soc(G) soc(X) |V | X-action, remark
1 M11 A11 55, 165
2 M12 A12 495
3 M22 A22 231
4 M23 A23 253, 1771
5 PSL2(q) Aq+1
1
2
q(q + 1) 2-sets, q ≡ 1 (mod 4)
6 A2l−1 A2l
1
2
(
2l
l
)
l, l − partitions, l ≥ 3
7 PSL2(11) M11 55
8 M23 M24 1771
9 PSLm(3) PΩ
+
2m(3)
1
2
3m−1(3m − 1) nonsingular points, m odd
10 G2(q) Ω7(q)
1
2
q3(q3 ± 1) nonsingular hyperplanes
q ≡ ±1 (mod 4)
11 A12 PΩ
−
10(2) 495
12 J3 PSU9(2) 43605
13 Ω7(3) PΩ
+
8 (3) 28431
14 G2(3) Ω7(3) 3159
Table 1
Let X
Γ (α)
α ≤ Sr ≀ S2. Then X
Γ (α)
α ∩ S2r has two orbits on Γ (α). Considering the action
of X
Γ (α)
α ∩ S2r on one of its orbits, we get the lemma. 
Theorem 4.4. Let G ≤ X ≤ AutΓ. Then either soc(G) = soc(X), or Γ ∼= K2r+1.
Proof. Assume that Γ is not a complete graph. Then X is not 2-homogeneous on V .
We next suppose that soc(G) 6= soc(X), and deduce the contradiction.
Suppose that soc(G) 6= soc(X). By Theorem 1.1 and [11], X is either affine or almost
simple if X is not transitive on the 2-arc set of Γ , and X is almost simple if Γ is
(X, 2)-arc-transitive.
Assume that either G or X is an affine primitive group. By [17, Propositions 5.1 and
5.2], we have G ≤ AGL3(3) and soc(X) = PSU4(2). Then Xα ∼= Z
4
2:A5 or Z
4
2:S5 for
α ∈ V , and so r = 5 by Lemma 2.1; however, 5 is not a divisor of |G|, a contradiction.
Assume next that both G and X are almost simple. Let α ∈ V . Recall that |V | is
odd and X is not 2-homogeneous on V . By [17, Proposition 6.1] and [12], all possible
triples (soc(G), soc(X), |V |) are listed in Table 1.
For Line 10 of Table 1, by [1, Table 8.39], Xα has a unique insoluble composition
factor, say PΩ±6 (q), which contradicts Lemmas 4.2 and 4.3. For Line 13 or 14 of Table 1,
by the Atlas [4], Xα is an almost simple group with socle PΩ
+
8 (2) or Sp6(2) respectively,
and we get a similar contradiction.
Note that r ∈ pi(Gα) ∩ pi(Xα) and, by Lemma 2.1, max(Xα) < 2r. This allows us
exclude Lines 1-4, 11, and 12 of Table 1. For example, if Line 12 of Table 1 occurs then
Gα is a {2, 3}-group by the Atlas [4], so r ≤ 3, yielding that |Xα| has no prime divisor
other than 2, 3 and 5, which is impossible as |Xα| is divisible by 11.
Note that Γ (α) is either an Xα-orbit of length 2r or the union of two Xα-orbits of
length r. In particular, Xα has a subgroup of index a prime or twice a prime. For Lines
7 and 8 of Table 1, the lengthes of Xα-orbits on V are known, refer to the Webpage
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Edition of [4]. If Line 7 of Table 1 occurs, then X is a primitive group (on V ) of rank
3, and Xα has three orbits on V with length 1, 18 and 36 respectively, which gives a
contradiction. For Line 8 of Table 1, Xα has four orbits on V with length 1, 90, 240 and
1440 respectively, we get a similar contradiction. For Line 9 of Table 1, by [8], Xα has
three orbits on V with length 1, 1
2
3m−1(3m−1 − 1) and 32m−2 − 1 respectively; however,
none of these three numbers has the form of 2r or r.
Suppose that soc(G) and soc(X) are given as in Line 6 of Table 1. Then action of
G on V is equivalent that on the set of (l − 1)-subsets of {1, 2, . . . , 2l − 1}. Thus Gα
has l orbits on V , which have lengthes
(
l−1
i
)(
l
l−1−i
)
, 0 ≤ i ≤ l − 1, respectively. If
r =
(
l−1
i
)(
l
l−1−i
)
for some i, then i = 0 and l = r. If 2r =
(
l−1
i
)(
l
l−1−i
)
for some i, then
either i = 0 and l = 2r or i = 1 and l = 3. For each of these three cases, it is easily
shown that 1
2
(
2l
l
)
is even, which is not the case as |V | is odd.
Finally, let soc(G) and soc(X) be as in Line 5 of Table 1. Then Xα has three orbits
on V with length 1, 2(q − 1) and 1
2
(q − 1)(q − 2), respectively. The only possibility is
that q = 5, soc(G) = PSL2(5) and 2r = 6; however, in this case, Gα is a 2-group which
is not maximal in G, a contradiction. This completes the proof. 
Remark 4.5. For Line 8 of Table 1, one may construct a graph of valency 90 and order
1771 which is both M23-arc-transitive and M24-arc-transitive. Thus Theorem 4.4 does
not hold without the assumption that Γ has twice prime valency.
By Theorem 4.4, we have the following consequence which finishes the proof of The-
orem 1.3.
Corollary 4.6. Γ is 2-arc-transitive if and only if Γ is a complete graph.
Proof. Note that a complete graph must be 2-arc-transitive. Thus, it suffices to show
that Γ is not 2-arc-transitive if Γ 6∼= K2r+1.
Suppose that Γ 6∼= K2r+1 and Γ is 2-arc-transitive. Let N = soc(G) and X = AutΓ .
Then N = soc(X) by Theorem 4.4. Noting that |V | is odd, by Theorem 3.5 and [9], N
is a nonabelian simple group.
Let α ∈ V . Since |V | is odd, Nα 6= 1, and so N
Γ (α)
α 6= 1. Recalling that Γ is not (G, 2)-
arc-transitive, G
Γ (α)
α and hence N
Γ (α)
α is not 2-transitive. Noting that N
Γ (α)
α is a proper
normal subgroup of X
Γ (α)
α , by Lemma 4.2, we have r = 2, N
Γ (α)
α
∼= Z22. In particular, Γ
is a primitive 2-arc-transitive graph of valency 4. It follows from [13, Theorem 1.5] that
|Nα| is divisible by 3. Then, by Lemma 2.1, N
Γ (α)
α is not a 2-group, a contradiction.
This completes the proof. 
We end this section by another consequence of Theorem 4.4.
Corollary 4.7. Assume that Γ 6∼= K2r+1. Then either Γ is G-arc-transitive, or r ≥ 3
and AutΓ has a subgroup of index at most 2 which is transitive on the edge set but not
transitive on the arc set of Γ .
Proof. Since G is primitive on V and Γ is not a cycle, for α ∈ V , each Gα-orbit on V
has length at least 3. Thus, if r = 2 then Γ is G-arc-transitive.
Suppose that Γ is not G-arc-transitive. Then r ≥ 3, and G has two orbits on the
arc set of Γ , say ∆ and ∆∗ = {(β, α) | (α, β) ∈ ∆}. To complete the proof of this
corollary, we assume further that Γ is arc-transitive. Let X = AutΓ . By Theorem 4.4,
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N := soc(G) = soc(X). Noting that N fixes both ∆ and ∆∗ set-wise, X induces a
transitive action on {∆,∆∗}. Then the result follows. 
5. Examples and a proof of Theorem 1.4
We first list several examples of graphs which may support some results in Section 4.
Let G be a finite group and H be a subgroup of G with ∩g∈XH
g = 1. Then G acts
(faithfully) on the set [G : H ] of right cosets of H in G by
y : Hx 7→ Hxy, ∀x, y ∈ G.
Take a 2-element x ∈ G \H with x2 ∈ H . Then x normalizes K := H ∩ Hx. Define a
graph Cos(G,H, x) = (V,E) with
V = [G : H ], E = {{Hg1, Hg2} | g1, g2 ∈ G, g2g
−1
1 ∈ HxH}.
Then Cos(G,H, x) is a G-arc-transitive graph of order |G : H| and valency |H : K|.
Moreover, it is well-known that the graph Cos(G,H, x) is connected if and only if
〈x,H〉 = G. The first example gives three graphs which meet Corollary 3.2.
Example 5.1. (1) Let T = PSL(2, 27) and G = T :〈σ〉, where σ is induced by the
Frobenius automorphism of the field of order 27. Then, by the Atlas [4], G has a
subgroup H with H ∼= A4 and H ∩ T ∼= Z
2
2.
Let o ∈ H ∩ T . Then CT (o) ∼= D28, and CT (o)∩H = H ∩ T ∼= Z
2
2. Confirmed by the
GAP [22], there is an involution x ∈ CT (o) \H such that |H ∩H
x| = 2 and 〈x,H〉 = G.
Then Γ = Cos(G,H, x) is a G-arc-transitive graph of valency 6 and order 2457.
Clearly, T is transitive on the vertex set but not transitive on the edge set of Γ . In
fact, Γ is the edge-disjoint union of three T -arc-transitive graphs of valency 2, and each
of them is the vertex-disjoint union of 351 copies of the 7-cycle.
(2) Let G = PGL(2, 11), T = PSL(2, 11), H ∼= D24 and H1 = T ∩ H . Let K ≤ H1
with K ∼= Z22. Then NG(K)
∼= S4, NH(K) ∼= D8 and NT (K) ∼= A4.
Take an involution x ∈ NG(K) \ H . Then 〈x,H〉 = X and H ∩ H
x = K. Thus
Cos(G,H, x) is a connected G-arc-transitive graph of valency 6 and order 55. It is easily
to see that T acts transitively on the edges but not on the arcs of Cos(G,H, x).
(3) Let G = PGL(2, 17), T = PSL(2, 17) and H = 〈c〉 ×H1, where T ≥ H1 ∼= S3 and
c ∈ G \ T is an involution. Let o ∈ H1 be an involution. Then CT (o) ∼= D16.
Take an involution x ∈ CT (o)\H . Then 〈x,H〉 = G, 〈x,H1〉 ∼= S4, |H : (H∩H
x)| = 6
and |H1 : (H1 ∩H
x
1 )| = 6, confirmed by the GAP [22]. It follows that Cos(G,H, x) is a
connected G-arc-transitive graph of valency 6 and order 408. Moreover, Cos(G,H, x) is
the edge-disjoint union of two T -arc-transitive graphs of valency 3, and each of them is
the vertex-disjoint union of 102 copies of the complete graph K4. 
Example 5.2. (1) Let G = PGL(2, 7), T = PSL(2, 7) and D16 ∼= H ≤ G. Let Z
2
2
∼=
K ≤ H ∩ T . Then NH(K) ∼= D8 and NG(K) = NT (K) ∼= S4.
Take an involution x ∈ NT (K) \ H . Then Γ = Cos(G,H, x) is a connected G-arc-
transitive graph of valency 4 and order 21. The graph Γ is in fact the edge-disjoint
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union of two T -arc-transitive graphs of valency 2, and each of them is the vertex-disjoint
union of 7 copies of the 3-cycle.
(2) Let G = PGL(2, 9), T = PSL(2, 9) and D16 ∼= H ≤ G. Take Z
2
2
∼= K ≤ H ∩ T .
Then NH(K) ∼= D8 and NG(K) = NT (K) ∼= S4. For an involution x ∈ NT (K) \H , we
have a G-arc-transitive graph Γ = Cos(G,H, x) of valency 4 and order 45. Further, the
graph Γ is the edge-disjoint union of two T -arc-transitive graphs of valency 2, and each
of them is the vertex-disjoint union of 15 copies of the 3-cycle. 
Note that the graphs in Example 5.2 are all vertex-primitive. By [13], up to isomor-
phism, there are exactly two vertex-primitive arc-transitive graphs of valency 4 which
are not 2-arc-transitive, and then the following result holds.
Lemma 5.3. Let Γ = (V,E) be a connected graph of valency 4, and let G ≤ AutΓ.
Suppose that G is almost simple and transitive on E. If G is primitive on V then either
Γ is soc(G)-arc-transitive, or one of the following holds:
(1) AutΓ = G = PGL(2, 7) and Γ is given in (1) of Example 5.2;
(2) G = PGL(2, 9), M10 or PΓL(2, 9), and Γ is given in (2) of Example 5.2.
Proof Theorem 1.4. Let Γ = (V,E) be a connected graph of odd order and twice
prime valency 2r, and let G ≤ AutΓ be such that Γ is G-edge-transitive but not (G, 2)-
arc-transitive. Assume that G is almost simple and primitive on V .
Let N = soc(G). Note that N is transitive but not regular on V . If Γ is not G-arc-
transitive then, since G is primitive, r is odd in this case, and Γ is N -edge-transitive
by Corollary 3.4. Thus we assume that Γ is G-arc-transitive. Then, by Corollary 3.2,
either Γ is N -edge-transitive or Nα is a Sylow 2-subgroup of N , where α ∈ V .
Assume that Nα is a Sylow 2-subgroup of N . Since G is a primitive group of odd
degree, by [15], we conclude that N ∼= PSL(2, q) and Nα is a dihedral group. It follows
from [1, Table 8.1] that Nα ∼= Dq−1 or Dq+1.
Suppose that |Nα| > 8. Consider the Frattini subgroup Φ of Nα. Clearly, Φ 6= 1 is a
characteristic subgroup of Nα, and Φ is contained in the unique cyclic subgroup of Nα
with index 2. It follows that Φ is a characteristic subgroup of every maximal subgroup of
Nα. Take R ≤ Gα with |R| = r, set X = N :R. Then Γ is X-arc-transitive, Xα = Nα:R
and Xαβ = Nαβ , where β ∈ Γ (α). Since Γ is connected, by Lemma 2.5, X = 〈x,NαR〉
for some 2-element x ∈ NX(Nαβ). It is easily shown that x ∈ N , and so x ∈ NN(Nαβ).
Noting that |Nα : Nαβ | = 2, it follows that Φ is a characteristic subgroup of Nαβ . Then
both R and x normalize Φ, and so Φ is normal in X = 〈x,NαR〉, which is impossible.
Finally, let |Nα| ≤ 8. Then we have q = 7 or 9, and N ∼= PSL(2, 7) or PSL(2, 9),
respectively. Checking the maximal subgroups of G, we conclude that Gα is a (Sylow)
2-subgroup of G. Thus we have r = 2, and Γ has valency 4. Then our theorem follows
from Lemma 5.3.
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